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Abstract---Several phenomenological models of the oculomotor
mechanics that produce saccadic eye movements have been developed. These models have been based on measurements of
macroscopic muscle and orbital tissue properties and measurements of eye kinematics during saccades. We recorded the forces
generated by the medial and lateral recti during saccades in an
alert, behaving monkey using chronically implanted force transducers. With this new data, we tested the ability of the classic
saccade models to generate realistic muscle force profiles. Errors
in the predictions of the classic saccade models led to a reexamination of the current models of extraocular muscle. Both a phenomenological, Hill-type muscle model and an approximation to
Huxley's molecular level muscle model based on the crossbridge mechanism of contraction (distribution moment model)
were derived and studied for monkey extraocular muscle. Simulations of the distribution moment model led to insights suggesting (i) specific modifications in the lumped force/velocity
relationship in the Hill-type model that resulted in this type of
phenomenological model being able to generate realistic dynamics in extraocular muscle during saccades; (ii) the distribution of
activity in the different fiber types in extraocular muscle may be
central to the characteristics exhibited by the muscle during saccades; (iii) the transient properties of lengthening muscle such as
yielding are not significant during saccades; and (iv) the series
elastic component in active muscle may be predominantly generated by the elastic properties of the cross-bridges.

Throughout this paper a Hill-type muscle model refers to
a lumped-parameter mechanical circuit model consisting
of a series elastic element cascaded with a parallel combination of a force generator and a nonlinear viscous element (16). The research guiding the development of these
p h e n o m e n o l o g i c a l models was the m e a s u r e m e n t o f
steady-state, macroscopic muscle properties primarily in
human strabismus patients (6,29), cats (2,5,26), and monkeys (12), and the measurements of eye kinematics (1,9).
In the biomechanical studies cited, the parameters of the
mechanical models were estimated from measurements
that included the passive muscle length-tension relation,
the active muscle length-tension relation, and the series
elasticity relationship. In addition, the inertia of the globe
was estimated, and the elasticity and damping constants of
the human orbit were estimated with the medial and lateral
recti detached.
The Hill-type model can generate realistic eye position,
velocity, and acceleration trajectories for saccadic eye
movements (20), which exhibit the most demanding ocular dynamics to model due to their extremely high velocities and accelerations. Even so, with the available measurements, models of this class are still under-determined
(28). With the advancement of technology and the resulting availability of biocompatible materials, it is now possible to implant chronically force transducers on each of
the horizontal recti and subsequently measure the individual muscle forces during normal saccadic eye movements
in the alert, behaving monkey (22). In light of the new
data provided by these force transducers, we have reexamined the existing models to see if they predict realistic
muscle force records.
In this paper, we begin by comparing simulation profiles generated by a particular version of phenomenological model for horizontal saccadic eye movements (20)
with eye position, velocity, and muscle force profiles recorded during horizontal saccades in the monkey. To this
end, we (i) describe the methods used to record data from
the monkey; (ii) describe the specific phenomenological
model simulated (details given in Appendix A); and (iii)
compare the simulated outputs to the data. Then we more
closely examine the isolated muscle portion of the Hill-
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INTRODUCTION
The orbit and extraocular musculature involved in horizontal eye movements have been modeled by several investigators (for a review see Ref. 28). In general, most
models have been phenomenological models with the
same basic structure: two Hill-type muscle models attached to a second order linear model of the orbit.
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type model used in our initial simulations of the horizontal
saccadic system. This leads us to (i) introduce a second
muscle model, one based on the cross-bridge mechanism
of contraction (34); (ii) describe this second model (details
given in Appendix B); (iii) show results from simulations
of the cross-bridge model that are then used to introduce
appropriate changes in the phenomenological model to
allow it to generate physiologically realistic behavior; and
(iv) discuss insights about the properties of extraocular
muscle derived from the models. We conclude with some
final remarks.
PHYSIOLOGICAL METHODS

One adult male Macaca fascicularis was utilized to
obtain the data on muscle forces reported in this study. All
experimental protocols were approved by the Institutional
Animal Care and Use Committee at the California Pacific
Medical Center and complied with the guidelines of the
Public Health Service policy on Humane Care and Use of
Laboratory Animals. The animal was prepared for eye
movement recordings by implanting a scleral eye coil and
head restraint system under sodium pentobarbital anesthesia and aseptic surgical conditions. Heart rate, respiratory
rate, and body temperature were monitored for the duration of the surgery. Analgesics and antibiotics were given
during the postsurgical recovery period. A coil of Tefloncoated stainless steel wire was implanted under the conjunctiva of the left eye using the procedure of Fuchs and
Robinson (13), as modified by Judge et al. (19). A stainless steel tube was embedded in dental acrylic attached
securely to the animal's skull with bone screws, permitting painless restraint of the animal's head during the experimental sessions. The scleral eye coil, when used in
conjunction with a pair of orthogonally aligned magnetic
fields maintained electronically in temporal quadrature,
produced an eye position measurement system with a sensitivity of 0.25 ~ zero drift, and a bandwidth of 1 kHz
(25). The monkey was returned to its home cage to recover from these surgical procedures and, following complete recovery, was trained to climb voluntarily from its
cage into a primate chair for daily experimental sessions.
Prior to implantation of the force transducers, the monkey was trained to make saccades to lighted LEDs selected
randomly from a grid array. An array of 25 LEDs was
used consisting of five rows with LEDs spaced at 10~
intervals ranging from ---20~ from primary position along
both the vertical and horizontal meridians.
When the animal had learned to make accurate saccades to the location of the lit LED, a buckle force transducer was implanted on the left lateral rectus (LR), and
about 4 months later one was implanted on the left medial
rectus (MR). To implant the transducer, the muscle was
exposed but not detached (22). The transducer was sutured
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to the muscle to prevent rotation. The signal leads led out
of the orbit under the skin and exited through a connector
attached to the acrylic cap. The globe was rotated to ensure the leads were not limiting motion.
After the monkey recovered, muscle forces and eye
position were measured during saccades and were sampled
at 1000 Hz and stored on computer disk. The trials were
sorted, and successful trials of horizontal saccades were
examined. Eye position records were smoothed and digitally differentiated. Force records were scaled as a percentage of the total range observed in each muscle during
the session; the range and distribution of movements were
similar across sessions. Complete details on the physiological database, which includes hundreds of saccades
made to all positions in the LED array including many
examples of individual eye movements and simultaneous
muscle force measurements, have been published already
(22,23). For the purpose of this modeling paper, we concentrate on the data from four consecutive sessions in
order to minimize the effects of possible slow changes in
force transducer sensitivity. This data included 60 horizontal saccades of amplitudes - 10~ and 20 ~ in both directions.
When one of the transducers failed, the monkey was
euthanized with an overdose of pentobarbital.
DESCRIPTION OF THE
PHENOMENOLOGICAL MODEL

The phenomenological model of the monkey horizontal
saccadic mechanics used in this study was derived from
the human model developed by Lehman and Stark (20),
which has been shown to produce realistic eye position,
velocity, and acceleration trajectories of human saccades
initiated from primary position over a range of saccade
sizes. Moreover, the Lehman and Stark model incorporates the results of several generations of model development and has been extensively analyzed and subjected to
rigorous sensitivity analyses (3,9,17). To directly compare the force profiles predicted by this model to those
recorded in the monkey, it was necessary to first convert
the model based on human data to reflect the mechanics of
the monkey musculature and orbit. In addition, to compare the forces recorded with those predicted by the
model, it was essential to first divide the total passive
elasticity into its components, which consist of the passive
muscle elasticities and the orbital elasticity in parallel. A
mechanical circuit of the modified model used in this
study is shown in Fig. 1. The muscles are modeled with a
variation of the Hill muscle model, the parameters for
which are derived mostly from steady-state measurements
of macroscopic muscle properties. Briefly, the reciprocally organized neural inputs (I1 and 12) are filtered to
generate the "active state" internal muscle forces, Fal and
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known transient properties of lengthening muscle, which
may be important especially in high-velocity movements
like saccades. (The force-velocity relationship used in the
model is a function of velocity for a given level of innervation, whereas lengthening muscle has been shown to
exhibit yielding (34), which implies that force in the relationship cannot be uniquely described by velocity and
innervation.)
The model was simulated with Simnon, a nonlinear
dynamic systems simulation package. The parameters and
the equations of motion for this model of the monkey
horizontal saccadic system are derived in Appendix A.
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FIGURE 1. Mechanical circuit model ofthe horizontal saccadic
eye movement system. The phenomenological model simuleted in this study is shown. The orbital mechanics are roodeled by a linear mass-spring-dashpot system (K o, B o, ,!o). The
muscles are modelled as follows: The inputs (/1, 12) are the
neural inputs converted to their force equivalents. The "active
state force" of each muscle (Fsl, Fa2) is a filtered version of its
input and is represented by a force generator. Each force generator is in parallel with an non-linear viscous element (B1, B 2)
representing the force-velocity relationship of the muscle.
This combination is in parallel with a series elastic element
{K,,). The whole combination is in parallel with another spring
representing the passive muscle elasticity (Kp). The insets at
the top show the temporal waveforms for the inputs: PD indicates pulse or pause duration, PH indicates pulse or pause
height and S indicates the level of the final steady-state step.

Figure 2 shows experimentally measured eye position
and velocity profiles (upper two sections), agonist force
and force rate profiles (middle two sections), and antagonist force and force rate profiles (lower two sections)
recorded during a 10~ (dashed) and a 20 ~ (solid) temporally directed saccade. Each trace shown in this figure is
obtained from one representative saccade of each size selected from the sample of 60 similar movements. We believed that it was more realistic to optimize the model
parameters to attempt to create actual individual movements rather than averaged results. However, having optimized the model for the particular movements shown in
Fig. 2, we then checked to see if the model could also
produce each of the 60 movements included in the data-
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F,2. In each muscle, the force generator is in parallel with
a nonlinear dashpot, B, which represents the forcevelocity relation of active muscle. This unit is in series
with an elastic element, Kse, which represents the experimentally measured property that an instantaneous reduction in load results in an instantaneous change in muscle
length (i.e., the characteristic of a spring). This group of
mechanical elements is in parallel with an elastic element,
Kp, which represents the passive elastic properties of the
muscle. Two of these muscle models are combined with a
mass-spring-dashpot representation of the orbit to model
the horizontal saccadic system.
This type of lumped parameter model of the macroscopic properties of muscle is appealing because the parameters can be measured relatively easily and because the
structure gives insight into the behavior of the muscle
during movement. On the other hand, the model allows no
comparisons to be made with the underlying mechanism
of contraction. Moreover, it does not represent all the
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FIGURE 2. Trajectories recorded from a monkey during horizontal saccadic eye movements. Eye position (a) and velocity
(b), agonist force (c) and force rate (d), and antagonist force (e)
and force rate (f) recorded during a 10 ~ (dash) and 20 ~ (solid)
temporally directed saccade initiated from primary position.
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base. In order to provide assurance that the selected movements are indeed representative of the data we measured
the standard errors of the mean position reached at the end
of the 10~ and 20 ~ saccades and the standard errors for the
muscle force measurements at the points of maximum rate
of force change during 10~ and 20 ~ saccades. The standard
error values obtained from the calculations were ---0.71 ~
and 0.88 ~ for position and ---0.94 and 3.75% for force for
10~ and 20 ~ movements, respectively.
The normalized magnitudes of the forces exerted by the
muscles are shown on this figure because they are adequate for the comparisons being made here. The estimation of the absolute values of muscle forces is discussed in
Appendix C. Figure 3 shows analogous waveforms but
now generated by simulations of the model for monkey
saccadic eye movements, and Fig. 4 shows a direct comparison of the overlaid normalized experimental data and
normalized model force profiles. The eye kinematic traces
show that, as was the case for the human (20), the model
for the monkey can be optimized to produce very realistic
eye position and velocity profiles. The most obvious feature found in the experimental muscle force records is the
qualitative symmetry in the shape of the agonist and antagonist force trajectories. In contrast, the simulated force
profiles from the model show a definite asymmetry between agonist and antagonist muscle trajectories. By varying the parameters of the inputs (11, 12) to the model the
shape of the agonist profile, for example, can be made to
look more like that recorded from the monkey; however,
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FIGURE 4. Comparison of normalized force profiles from data
and model. Normalized agonist (a) and antagonist (b) force
profiles from data (solid) and model simulations (dash) for a
20* temporal saccade initiated from primary position.

the resulting antagonist profile looks even more unrepresentative of the monkey data. No simple parameter modifications change this result. In spite of generating reasonable position and velocity profiles, in its present form the
model does not accurately reflect the force dynamics of
the extraocular muscles during horizontal saccadic eye
movements. This could be due to errors in the model of
the muscles, of the orbit, and/or of innervation. The muscle model is a good choice to study more closely with an
eye for possible changes because (i) the force-velocity
relation is poorly characterized, at least for lengthening
muscle, (ii) the series elasticity is assumed to be constant
in spite of evidence suggesting otherwise (28), (iii) the
required input forces (F,) are higher than physiologically
measured forces (12), and (iv) the orbital model is thought
to be accurate in the range of movements being studied
here (28).
DESCRIPTION OF A MECHANISTIC MODEL OF
EXTRAOCULAR MUSCLE
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FIGURE 3. Trajectories generated by the model of monkey
saccadic eye movements. Eye position (a) and velocity (b),
agonist force (c) and force rate (d), and antagonist force (e)
and force rate (f) recorded during a 10~ (dash) and 20 ~ (solid)
saccade initiated from primary position.

For a muscle model to be useful in studies of movement
on a macroscopic scale, the model (i) should not require
too much computation time and (ii) must accurately represent the characteristics of whole muscle during movements that include both lengthening and shortening under
variable levels of innervation. Hill-type models are commonly used because they easily satisfy the first requirement and, to some extent, satisfy the second. However,
the model does not exhibit known transient properties of
lengthening muscle such as yielding. For this reason, it
may not be a useful representation for high-velocity movements like saccades, which presumably, produce transient
behavior to the greatest extent. This provides the clearest
motivation for more closely examining the ability of the
muscle model to exhibit the dynamics of extraocular muscle during saccadic eye movements.
Another muscle model, the distribution moment (DM)
model (34), was studied along with the Hill-type model
for comparison purposes because it does exhibit some of
the transient properties of lengthening muscle, while remaining computationally feasible. The DM model is based
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on the molecular mechanism of contraction rather than a
lumped functional representation of macroscopic muscle
properties. The macroscopic muscle characteristics for
this type of model are an emergent property.
A. F. Huxley proposed a muscle model based on the
mechanism of contraction, or cross-bridge formation and
detachment (18). In this case, the muscle is assumed to
consist of a large number of identical sarcomeres, so the
macroscopic muscle characteristics can be directly determined from the model of a single sarcomere.
Figure 5 shows a schematic of the two-state Huxley
model for one sarcomere. Each of the large number of
cross-bridges in a muscle is represented by a spring, and
the force generated by each cross-bridge is proportional to
the length of its spring (x). A change in muscle length is
generated by the movement of the myosin heads in a
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cross-bridge (bond), which forces the myosin and actin
fibers to slide past each other in opposite directions. If, at
a given moment, the distribution of bond lengths, or
spring lengths--n(x, t)--is known, then the total force
generated by the muscle can be calculated. In a simple
two-state kinetic model with a constant level of innervation, we only need to know the rates of bond attachment
(f) and detachment (g) to write a partial differential equation describing the rate of change of the bond distribution
in one-half sarcomere:

On(x, t)
Ot

v(t)

On(x, t)
dx - f ( x ) [1 - n(x, t)] - g(x)n(x, t)

where n(x, t) is the bond distribution, 0 < n < 1; v(t) is
the velocity of shortening; f(x) is the rate of bond attachment; and g(x) is the rate of bond detachment.
Zahalak suggested an approximation that makes the
simulation of this equation computationally tractable (34).
First, he noted that the partial differential equation can be
rewritten as an infinite series of ordinary differential equations of the moments of the distribution. Further, he
showed that if the shape of the function describing the
bond distribution is known a priori and if the function is
completely described by a finite number of its moments,
the system can be expressed as a finite series of coupled,
first order differential equations. He assumed the bond
distribution was Gaussian, in which case the dynamics can
be expressed with three differential equations (because the
first three moments completely define a Gaussian distribution). Conveniently, the macroscopic muscle properties
of interest are functions of these low order moments. The
parameter values and defining equations for the DM
model of a monkey extraocular muscle are given in Appendix B.

Methods for Comparing the Muscle Models
rr

-_h)_
.~'-"'- glx
o

x
h

FIGURE 5. Schematic of the cross-bridge model of muscle
contraction. (a) shows a schematic of cross-bridges in a sarcomere. A myosin filament is represented by the thick bar and
actin filaments are represented by the thin bars. The vertical
bars represent Z lines. Cross-bridge sites are represented by
balls attached to the myosin filament by springs. Actin sites
are represented by the matching sockets. The figure shows
both attached and unattached cross-bridges, x reflects the
length of an attached spring; v is the velocity; / is the distance
between actin sites; and s is the sarcomere length. (b) shows
the two-state model of cross-bridge formation in which State
0 is the unattached and State I the attached condition, fis the
attachment rate constant and g is the detachment rate constant. (c) shows the rates of attachment and detachment as a
function of x, See text for the definition of symbols in (c).

The approach taken to compare the two classes of models was to calculate the input necessary to generate the
recorded force trajectories, given the muscle length and
velocity derived from the simultaneously recorded eye position data. It is important to recognize that the inputs to
the two muscle models cannot be directly compared because the input to the Hill model is active state and the
input to the DM model is activation of cross-bridge sites.
However, their temporal shapes and the similarity of these
shapes can be compared with those reported for motoneuronal firing patterns in monkey (11,14,27,30) that ultimately generate both model inputs.
Before the data could be used with the simulations,
absolute magnitudes of force had to be estimated from the
recorded data. Because the muscle force amplifiers were
modified early in the course of the experiments (but well
before any of the data used in the present report were
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obtained), we could not directly compare the original calibrations to the recorded data to determine absolute forces.
Instead, we estimated forces as described in Appendix C.
Both the Hill-type and DM muscle models were simulated. For simplicity, the passive elasticity was assumed to
be zero in both models even though it makes a small
contribution at the extremes of the range of eye movements explored (---20~) (6). The inverse models were simulated using Borland C/C + + . Recorded force and position records were used as input and the optimal muscle
activation profiles were calculated using a modified version of "brent.c" optimization algorithm (24). The optimization was checked by running forward simulations
with the calculated activation and the recorded position as
input and verifying that the model forces matched the
recorded forces. Note that any parameters derived with the
direct aid of simulation were derived for one particular
saccade trial (e.g., those shown on Fig. 3) and then were
used in simulations with data from other 60 saccade trials.
Also, the optimal active state in the Hill model (i.e., Fal
and Fa2 in Fig. 1) was calculated instead of the unfiltered
inputs (I 1 and 12 in Fig. 1).
As described in Appendix B, gl, which partially defines the rate of cross-bridge detachment, was first calculated to satisfy the relationship Hill found between maintenance heat, maximum isometric force, and maximum
velocity of shortening. Simulations suggested this was an
appropriate gl for the agonist muscle. However, the simulations also suggested that different values of this parameter were needed for agonist and antagonist muscle. A
relatively large g~ is needed to allow the agonist force rate
to decrease rapidly after peak force is reached early in the
saccade. If gl is too low, muscle activation has to decrease
more rapidly and to a larger extent to compensate for the
slow rate of detachment; as a result, agonist muscle activation dips well below the final steady-state activation
level (pulse-negative pulse-step), which contradicts the
known pulse-slide-step firing pattems of ocular motoneurons (11,14,27,30). In contrast, in the antagonist muscle,
if gl is too high, then muscle activation must decrease
slowly throughout most of the saccade instead of "turning
off" in the pause-slide-step pattern of ocular motoneurons. The use of different detachment rates for agonist and
antagonist muscles is consistent with our basic understanding of extraocular muscle. The large fast fibers are
thought to dominate force generation in the agonist muscle
(even though all fibers contribute). In contrast, at the
lower levels of innervation in the antagonist muscle, the
slow fibers are believed to contribute a much larger proportion of the force (31); moreover, slow fibers have a
slower rate of decay in force, which, presumably, corresponds to a lower rate of cross-bridge detachment and
would, therefore, be the limiting factor in the rate at which
the antagonist muscle force decreases during a saccade.
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The detachment rate factor gl has an effect on the
force-lengthening velocity that can also be represented in
the Hill muscle model by scaling the lengthening forcevelocity relationship differently for the agonist and antagonist muscle (i.e., different dlen, which is defined in Appendix A). Simulations showed that analogous modifications of dlen had the same effect on the calculations of
agonist and antagonist activations in the Hill model as
does varying gl in the DM model. Because the larger
saccades of the monkey used in the present study tended to
overshoot the target and then return with a small dynamic
movement, the agonist muscle has a brief period of lengthening at the end of the saccade. As a result, the lengthening force-velocity relationship clearly affects the agonist
muscle characteristics as well as the antagonist. However,
the results also applied to smaller saccades with little overshoot. In the agonist muscle, dien must be large or else a
pulse-negative pulse-step activation pattern is required; a
large "braking pulse" in agonist activation at the end of a
saccade is not consistent with the observed pulse-slidestep pattern of single motoneurons (14). In contrast, in the
antagonist muscle, die n must be small or else a slowly
decreasing activation is predicted, which is inconsistent
with the pause-slide-step pattern of motoneurons. The
larger dien, the smaller the force at a given lengthening
velocity and level of innervation. Decreasing ale n has a
similar affect on the lengthening force-velocity relationship as increasing gl in the DM model.
RESULTS FROM MUSCLE MODEL SIMULATIONS
Figures 6 and 7 show the DM and modified Hill model
predictions of agonist and antagonist muscle activation for
10~ and 20 ~ saccades from primary position (d,f) as well as
the forces (c,e) and eye kinematics (a,b) produced during
those saccades. Recall that the force and kinematic trajectories were the inputs used to calculate the appropriate
muscle activations.) The modified Hill model utilized different values of the parameter die n as described above and
in Appendix A for the agonist and antagonist muscles.
With this modification in place the predicted muscle activations are similar for the two models and both are consistent with known motoneuronal activations during saccades; their durations are nearly the same as saccade duration (11,14,27,30). Agonist activation is much greater
for 20 ~ saccades than 10 ~ saccades. At the same time,
motoneuron burst frequency is higher and longer in duration during 20 ~ saccades than during 10~ saccades. As a
result, one would expect muscle activation to increase for
a longer time and to a greater extent during the larger
saccades. Antagonist activation is consistent with motoneurons being "turned o f f " (pause) or reduced to a very
low firing rate. Antagonist activation decreases at about
the same rate; activation for 10 ~ saccades appears to begin
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FIGURE 6. Computed activations of DM model for 10" and 20*
saccades initiated from primary position. Eye position (a) and
velocity (b), agonist and antagonist forces (c,e) and agonist
and antagonist activations (d,f) during 10" (dash) and 20 ~
(solid) seccedes initiated from primary position are shown.
The activations were calculated so the DM model generated
the measured force profiles given the measured kinematics.

to return to its tonic level just before the minimum activation is reached, whereas activation for 20~ saccades plateaus at the minimum.

least, that the force-lengthening velocity relationship is
important in the simulation results.
The DM and Hill models that we have developed have
similar force-velocity relationships for shortening muscle
but not for lengthening muscle. Even the steady-state
force-lengthening velocity relationships are not the same
for these two models. However, the exact shape of the
assumed force-lengthening velocity relationship did not
appear to significantly affect the simulations in the Hill
model (several hyperbolas and straight lines with various
slopes were used but produced little change in the simulated results).
We used simulations of the DM model to investigate
the transient properties of rapidly lengthening extraocular
muscle. The simulations showed that the yielding that resulted from sudden changes in lengthening velocity lasts
only about 5-7 msec and is small in magnitude. The high
rate of attachment accounts for the rapid recovery. The
importance of transient properties does not appear to be as
great as anticipated, at least with the rate parameters assumed (/'Ix] and g[x]). The simulations agree with the
experimental results: the muscle forces do not show unusual transient properties; instead the antagonist muscle
always shows a smooth change, qualitatively symmetrical
to the agonist force trajectory. It appears that the transition
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It was somewhat surprising that the modified Hill-type
model produced activation patterns so similar to the DM
model. The modification in the Hill model that produced
this result (i.e., requiring d i e n t O have different values for
the agonist and the antagonist) appeared at first to be
merely a mathematical manipulation without any connection to actual properties of the muscle. However, simulations of the DM model suggested a connection between
the manipulation and the fact that agonist and antagonist
eye muscles are likely to be dominated by physiologically
different muscle fiber types, the fast and slow types, respectively. Since no details about the contractile properties of these two types eye muscle fibers exist, our simulation results suggest the need for explorations of the
force-velocity properties of different fiber types within
extraocular muscle as well as the force-velocity relationship of extraocular muscle for varying degrees of innervation. The results presented here suggest, at the very
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FIGURE 7. Computed activations of modified Hill model for
10~ and 20 ~ saccades initiated from primary position. Eye position (a) and velocity (b), agonist and antagonist forces (c,e)
and agonist and antagonist activations (d,f) during 10~ (dash)
and 20 ~ (solid) saccades initiated from primary position are
shown. The activations were calculated so the modified Hill
model generated the measured force profiles given the measured kinematics.
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to high speeds during saccades is smooth enough that
yielding does not occur. The DM model exhibits yielding
when the steady-state velocity is suddenly changed but not
when saccadic velocity profiles are assumed.
Series Elasticity

The series elastic element is included in the Hill model
to represent the result of quick release experiments. When
the force applied to an activated, isometric muscle is suddenly reduced, the muscle length exhibits an abrupt reduction in length followed by a more gradual reduction
until a new steady-state length is reached. The series elasticity is often attributed to the tendon, which is made of
elastic, collagenous tissue. However, a quick estimate of
the stiffness of tendon suggests that this is an unlikely
explanation: Young's Modulus for collagen (32),
Eren = 10 lo dyne/cm 2 = 107 gf/cm 2

tendon stiffness,
K,~,, = EtenAten/tte n

where Ate n is the cross-sectional area of tendon; Lten is the
length of tendon. (We assumed Lte~ = 0.6 cm (19) and
Ate n = Ainu J 4 = 0.024 cm z, we assumed the tendon has
a relatively large cross-sectional area since it has a wide
insertion.)
Kte ~ = 3.92e8 dyne/cm = 6,480 gf/deg

In contrast, series elasticity, K~ = 2.3 gf/deg (see Appendix A) = 1.4e5 d y n e / c m , which implies that
Kte ~ >> K~e. Since tendon stiffness is three orders of magnitude greater than the series spring stiffness for these
muscles, the elasticity must be in the muscle itself.
The most likely location for the series elasticity is in the
cross-bridges, although elastic, connective tissue throughout the muscle may also contribute. Cross-bridge sites are
the only mechanical elements in muscle that can directly
account for experimental results that show the magnitude
of the series elasticity varies with innervation (5). Fortunately, the DM model can be used to explore this possibility since muscle stiffness is proportional to the zeroth
moment of the bond distribution and is derived as follows:
m s k r~
~
mskh
J S ~ n(x, t)dx = ~
Qo(t)

gl/2"sarc(t) = ~

where K1/2-s~ is the half-sarcomere time varying stiffness
and the parameters are defined in Appendix B. The total
muscle stiffness is the half-sarcomere stiffness times the
number of half-sarcomeres in parallel divided by the number of half-sarcomeres in series, or:
Kmu~(t) -

Appmsppkh
Ao
41n~
Qo(t) = -~n K1/2-~ar~

where Km~(t) is the instantaneous muscle stiffness.
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FIGURE 8. DM model simulation of muscle series elasticity
during a 20* saccade from primary position.

Figure 8 shows the instantaneous muscle stiffness during a 20 ~ saccade from primary position. Note that the
stiffness is the same order of magnitude as that expected
from experimental measurements. Therefore, the DM
simulations support the idea that the series elasticity of
extraocular muscle is primarily in the cross-bridges.
Final Conclusions and Remarks

One can generate many different models with the same
input/output characteristics. Therefore, the purpose of the
model must be considered. For example, in this study
extraocular muscle is modeled to further our understanding of the oculomotor system. Therefore, the structure of
the system is important. Another model with the same
input/output characteristics would not be useful. The DM
model is directly based on the mechanism of contraction
and is, therefore, useful for making new associations between the data and the physiology. For example, it is
certainly a more useful model if one is studying how a
disease affects the system. However, the DM model is
more complicated and computationally slower than the
Hill model. The Hill model represents the macroscopic
manifestations of the molecular interactions. With appropriate modifications in the Hill model, it also appears to
reflect adequately the functional macroscopic components
of extraocular muscle. As a result, our modified Hill
model may be useful for additional simulation studies on
a gross scale. For example, it could be used to explore the
interactions of the six extraocular muscles and also nonlinear, initial position effects when eye movements are
made from eccentric starting points.
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APPENDIX A

This appendix describes the parameter derivations for
the Hill-type model of the monkey horizontal saccadic
system and the equations used to simulate the model. The
following symbols will be used: K is an elasticity, B is a
viscosity, J is a moment o f inertia, A is cross-sectional
area, R is the globe radius, L is muscle length, Vma~ is the
maximum velocity of shortening of the muscle, superscript M denotes a monkey model parameter, superscript H
denotes a human model parameter, subscript o denotes an
orbit parameter. If no superscript is used, the parameter is
for the model of monkey saccades. Figure 1 shows the
topological arrangement o f the lumped mechanical elements in the model.
The values of the parameters for the monkey orbital
mechanics in the present paper are mostly derived directly
from monkey data or estimated by scaling human data
(7,8,29). In the m o n k e y the extraocular muscles are
shorter, 20 m m (21) compared with 40 m m (15) and
smaller in cross-sectional area, 9 m m z (21) compared with
16.9 m m 2 (15). Also, the globe is smaller, 9.3 mm radius
(21) compared with 11 m m (5). Finally, m o n k e y saccades
are faster than the same size human saccades (1,10). The
moment o f inertia of the monkey orbit was derived by
approximating the globe as a rigid sphere o f radius 9.3
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mm (20) and density 1 g/ml: JoM = 2 . 8 8 e - 5 gf sec2/
degree. In the Lehman and Stark human model (20), the
parameters representing the passive viscoelasticity of the
orbit are the lumped effects of the optic nerve, orbital fat,
the other extraocular muscles, other surrounding tissue,
and the passive elasticity of the medial and lateral recti.
However, to compare the forces recorded with those predicted by the model, we must separate the contribution of
the medial and lateral recti to the passive elasticity. The
orbital elasticity has been measured in humans with the
medial and lateral recti detached and was found to be
K~o = 0.5 gf/degree (29). We assumed that the tissue contributing to the elasticity was proportional to the surface
area of the globe, so passive elasticity was scaled by the
ratio of the surface areas of the globes and viscosity was
scaled such that the viscoelastic time constant (B/K) remained the same as that estimated for humans (20):
B y = 0.01 gf sec/degree, KoM = 0.35 gf/degree.
The passive elasticity of the medial and lateral recti
were separated so that the model could predict total muscle force for comparison with the measured data. The
force contribution of the passive muscle elasticity was
estimated by fitting the following equation to data of the
passive length-tension curve of the monkey medial rectus
(12):
/;pM = apt. (x + 25) 2, x >
0, otherwise

--25 ~

w h e r e , F f f (gf) is the p a s s i v e m u s c l e f o r c e ,
a M = 0.001975 gf/degree 2 is a constant, and x (degrees)
is eye position (positive is temporal). A symmetric equation was used for the lateral rectus. Note that even though
the individual passive muscle elasticities are nonlinear, the
nonlinearities tend to cancel each other such that the parallel combination is quasilinear (29).
Human muscle series elasticity was estimated from
quick release experiments on human extraocular muscle
(8). Since elasticity should increase with area (analogous
to parallel springs) and decrease with length (analogous to
series springs), the series elasticity was scaled from the
human to the monkey; at the same time, it was scaled
relative to the size of the globe (since the units used in the
model are per degree not per millimeter):
AM L/4 R H
KM = KHse " L--~ " A---ff " R--ff

shows a hyperbolic force-velocity relationship during
shortening, and the parameters describing the asymptotes
of the hyperbola are related to the muscle's maximum rate
of shortening (Vmax) and maximum isometric force (Fo)
(16). The maximum rate of shortening for the monkey
model was estimated by scaling the data for human extraocular muscle by muscle length and globe radius (the
latter is necessary because the maximum velocity is in
units of degrees/sec:
M
H . LM " RH
Vmax = Vmax L H R M

where V~a~ = 2200 degrees/sec, VHma~= 3600 degrees/
sec. Moreover, the whole force-velocity relationship was
assumed to scale with activation.
Finally, the neural inputs (I1, 12) were similar to those
used in the human model (20) (i.e., the pulse-step pattern
[27]). The pulse and pause durations (PD in Fig. 1) were
assumed to be half the duration of the saccade; the pulse or
pause height (PH) is scaled nonlinearly with saccade magnitude; and the step level (S) is scaled with saccade magnitude. Finally, the innervation envelopes are filtered with
first-order lags and converted into an equivalent active
state force. Because monkey saccades are faster, the
inputs and filtering had to be modified: pulse and
pause duration (PD) = 0.5 9 saccade duration = 12.5
msec (10~ 20 msec (20~ fixation forces and equivalent
input were scaled by cross-sectional area (0.5) so agonist
step (S) = (8 + 0.55 9 size) gf, a n t a g o n i s t step
(S) = (8 - 0.04 9 size) gf. Pulse height (PH) = 65 gf
for 10~ saccade; 120 gf for 20 ~ Pause height (PH) =
0.25 + exp(-size/2.5). The filter time constants = 7
ms. These parameter values were set after adjustment during simulations so that the model generated saccades of
the appropriate magnitude with realistic peak velocities,
within the range observed in the recorded monkey data.
The differential equations describing the model are as
follows:
dx
dt

The nonlinear viscosities in the model (B z, B e) characterize the force-velocity relationship of muscle, which was
derived from experimental work on skeletal muscle in
other animals. It had been shown that tetanized muscle

--

V

-

j [-Kox

dv
dt

1
B o v + Fp, + gse (Yl

-

Y2)]

+ gse (x -

dyl
dt

where K M = 2.3 gf/degree, KHse = 1.8 gf/degree,
A M = 9 m m 2, A n = 16.9 m m 2, R M = 9.3 m m ,
R u = l l m m , L M = 20 mm, LH = 4 0 m m .
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where

dQh
(Fal + 0.25Fal)

nl =

m>~

0

dt

t

-

dt

dyl

a(Oc[s(t)]fSx

-

~bx(Q0, Q1, Q2)

XuQx-1,

h = 0 , 1,2.
where

3Fal

dyl

m<0
dt

allen '

3Fa2

dy2

i>~
dt

B 2 -- dlen '
(Fa2 + 0.25Fa2)
dy 2

bH+--

dy2
'

dt

x

-- ~,
0

<0

dt

Qx =

~Xn(~, t)d~,

13x - f : ~ ~xf (Od~ '

~bx - f:~o ~x[f(~) + g(O]n(~, t)d~

P -- -Qoo' q "--

\Qo]

Q0
n(~, t) = ~ / ~ - ~ q e

u - -~,

-(~-e)~

2q2

where Qo, Q1, Q2 are the normalized moments of the
Gaussian bond distribution; ~ is the normalized spring
length; u is the normalized rate of shortening; n(~, t) is the
normalized bond distribution; p is the mean of the Gaussian n(~, t); and q is the standard deviation of the Gaussian
n(~, t); s(t) is the sarcomere length; f (the rate of crossbridge attachment) and g (the rate of cross-bridge detachment) are described as follows:
0,
f(~) = f ~ ,

6<0,
0 < ~ < 1,

0,
APPENDIX

Qx-1 - 0

with

where x (degrees) is eye position; v (degrees/sec) is eye
velocity; Yl, Y2 (degrees) are positions of the hypothetical
nodes; Fal, Fa2 (gf) are "active state" (i.e., hypothetical
isometric force); I~, 12 (equivalent gf) are the innervations
to each muscle (pulse-step); B 1, B 2 (gf sec/deg) are the
muscle viscosities; T 1, T 2 (msec) are the time constants of
the input filters; b/~ = Vmoj4 (degrees/sec) is a constant
defined by Hill (16) used to characterize the shortening
force-velocity relationship of muscle; dien = b/4 is the parameter scaling lengthening force-velocity relation. This
parameter was explicitly defined because it is varied in
some of the simulations (see discussion in the text). Specifically in the modified Hill model die n w a s different in
the agonist and antagonist muscles: die n = 4150 in the
agonist and 450 in the antagonist.

1<~,

B

Zahalak's distribution moment (DM) muscle model is
an approximation to Huxley's 1957 two-state cross-bridge
model of sarcomere contraction. Figure 5 shows a schematic of the model. When partial activation and myosin/
actin filament overlap is also considered, the following
partial differential equation describes the rate of change of
the cross-bridge bond distribution:
On(x, t)
Ot

-

On(x, t)
v(t) - - f ( x ) {a(t)e[s(t)] - n(x, t)}
Ox
- g(x)n(x, t)

where n(x, t) is the bond distribution; v(t) is the velocity of
shortening; f(x) is the rate of bond attachment; g(x) is the
rate of bond detachment; a(t) is the fraction of crossbridge sites activated; c[s(t)] is the fraction of sites in the
region of actin/myosin filament overlap; s(t) is the sarcomere length. The following equations result from Zahalak's derivation of the model after normalization by the
maximum length (h) at which a cross-bridge can be
formed (34):

g2,
g(~) = gl~,
gig + g3(~ -- 1),

~ < 0,
0 < ~ < 1,
1<

Muscle force is calculated from the bond distribution as
follows:
force - mseek
mseekh2ApeQ 1
21 f:o~ xn(x, t)dx 21
where m is the number of cross-bridge sites (/cm3), Spp is
the sarcomere length in the reference state (primary position) (cm), k is the cross-bridge spring constant (dyne/cm);
I is the distance between actin binding sites (cm); Ape is
the cross-sectional area in the reference state (cmZ). The
maximum isometric force at a particular length is found by
solving the partial differential equation for steady-state,
zero velocity condition:

max force (eye) -

mseekh2A?p
fl
21
"Ce (eye) fl + gl
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In addition eye velocity must be converted to normalized
sarcomere velocity:
dE ~I
V --

dt 2ns

SGN,

v
u = h

where
2IIR
~/-
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SGN = -1,

f o r medial rectus

+ 1, f o r lateral rectus
v is the velocity of shortening of the half-sarcomere [crn/
s/half-sarcomere]; ns is the number of sarcomeres in one
myofibril running the length of the muscle; u is the normalized velocity (actin sites/sec/half-sarcomere); R is the
radius of the globe (cm); ~ is the a conversion factor
(cm/degree); S G N converts the sign of velocity to positive
for shortening muscle; dE/dt is eye velocity (degrees/sec).
The values of the parameters we used in the DM model
were derived mostly from monkey extraocular muscle
data, wherever possible; however, several estimates were
made from studies on other skeletal muscle. Parameters
were measured directly, calculated from measured parameters, estimated to be consistent with measured muscle
properties, or estimated by trial and error in simulations.
All parameters estimated by simulation were determined
for one saccade trajectory and then tested with other trajectories.
To simplify the comparison of the DM and Hill-type
muscle models, the cross-bridge overlap function was neglected in the simulations (i.e., c[s(t)] = 1) because the
Hill-type model ignores the length-tension curve. However, it was used to estimate or verify estimates of other
parameters, so its derivation will be described. This function was estimated from the length-tension curves of human LR (29) and the sarcomere length-tension curve of
mammalian muscle (33). Since all sarcomeres are assumed to be identical, the plateau portion of the wholemuscle length-tension curve corresponds to the plateau
region in the sarcomere length-tension curve as does the
respective lengths at which the tension reaches zero. The
cross-bridge function in degrees of eye rotation that results
from this line of reasoning is:
if(eye < - 8 0 ) then Ce(eye) = 0.0
else if (eye < 25)
else
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if (Sten < 0.7 Ixm) then Cs(Slen) = 0.0
else if (Sle, < 2.39 I~m) then

Cs(Slen)

else

cs(Sle,) = 1.0

:

5917 (Slen + 0.7)

where slen is the sarcomere length (p~m); Cs(Slen) is the
cross-bridge overlap function. The partially innervated active length-tension curves of whole muscle are calculated
by scaling the whole length-tension curve by the level of
innervation.
The muscle length at primary position, Lpp = 1.985
cm (22); muscle cross-sectional area at primary position,
App = 0.0965 cm 2 (22); sarcomere length at primary position, Spp = 1 . 9 8 e - 4 cm, (estimated from the crossb r i d g e o v e r l a p f u n c t i o n ) ; r a d i u s o f the g l o b e ,
R = 0.93 --- 0.05 cm (22); cross-bridge sites per unit volume, m = 5.7e16 1/cm 3 (18); maximum active isometric
force F o = 55 gf (12); maximum active isometric force at
primary position, Fop = 45 gf (12); maximum force/
area, Po = 670 gf/cmff (26); maximum velocity of shortening, SVma~ = 25 lengths/sec (estimated from rat inferior rectus, assuming a sarcomere length of 2.39 Ixm [4]);
number of sarcomeres in series, n s = Lpp/Spp = 10,025;
conversion factor from degrees to cm, ~/ = 0.0162 cm/
deg; maximum velocity of shortening, Vma~ = SVmax Lpp/
"y = 3070 degrees/sec. The maximum distance over
which a cross-bridge can form, h = 1 . 8 5 e - 6 cm
(18,33); energy per cross-bridge cycle, e = 7 e - 13 erg/
molecule; efficiency of cross-bridge cycle: the ratio of
work to energy, w/e = 0.8 (18); dimensionless ratio,
which partially characterizes the force-velocity relationship of shortening muscle, an/Po = 0.5; dimensionless
ratio, which partially characterizes the force-velocity relationship of shortening muscle, bl~/Vm~ = 0.33 (18,33).
The parameters describing the rate of cross-bridge detachment and attachment were found as follows. The rate
of cross-bridge detachment in region 0 < 6 < h and part
of the rate in region 6 > 1, g16 = 4256 1/sec for the
agonist; 2206 1/sec for the antagonist. For the antagonist
the value of gl was chosen to satisfy Hill's result that the
maintenance heat, E o = aHbH. E o is derived from the
cross-bridge model.
mehgl
E o

-

m

fl
_

21

_

fl+gl

PoVmax
m

6

Substituting for Po in the equation for E o and solving for
gl yields:

then Ce(eye) = 0.0095 (eye + 80)
Ce(eye) = 1.0

where eye is eye position relative to primary position (degree); c e (eye) is the cross-bridge overlap function, or (for
both the LR and MR):

Vmax w

gl-

6h e

Simulations suggested that the higher value of gl was
desirable for the agonist muscle. The distance between
cross-bridge sites, l = 3 . 7 5 e - 6 cm. (An estimate of
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3 . 5 e - 6 [33] was originally chosen. However, this led to
an estimate offl that was less than two times g~. The value
chosen was a compromise between overestimating I and
underestimating fl relative to gl-)
The rate of c r o s s - b r i d g e a t t a c h m e n t in region
0 < { < h, f , { = 950{ 1/see. This value off1 was determined solving E o for f,:

f/

- -

fl + gl

- 17,4415l,

gl = 425

As a result, as the estimate of l increases, so does the
estimate of fl. fl is usually chosen to be considerably
larger than gl so the force-velocity relationship shows a
non-linearity at zero velocity (18).
The rate of cross-bridge detachment in region {x < 0,
g2 = 2200 1/see. The parameter g2 was adjusted so the
model force approached zero as the velocity of shortening
approached V,,a,,. Huxley made the arbitrary assumption
that ff/ + gl)h/sec = b n because it simplified the steadystate solution of the partial differential equation; as a resuit, he concluded that gz/(fl + gl) = 3.919. This was
not done in our derivation.
We set the partial rate of cross-bridge detachment in the
region ~ < 1, g3 = - 425 1/see for the agonist and - 220
1/see for the antagonist. The value of g3 was chosen such
that g would be a constant in the region beyond which
cross-bridges were not likely to form and piecewise continuous with the rate of detachment in the region in which
cross-bridges are likely to attach (0 to 1). This parameter
g3 affects the force/lengthening velocity relationship.
Since Po = msokh2fj[41(fl + gl)] (solve the partial
differential equation for steady-state, zero velocity), where
s o is the sarcomere length at which the maximum developed force is achieved, the spring constant of the crossbridges must be: k = Po41(fl + gl)/(msoh2f~) = 0.3
dyne/cm; the spring constant is derived from measurements made at maximum isometric force, and, therefore,
is based on gl of the agonist muscle. We have assumed
that the spring constant is the same in both fiber types
(slow and fast).
Integrating the equations for [30 - [32 (see model de-

scription) yields: [3o = fl/2 = 262.5; [31 = f J 3 = 175;
[32 = fl/4 = 131.25.
APPENDIX C

This appendix describes the method used to estimation
absolute forces from the measured force profiles. Because
the amplifiers were modified early in the course of the
experiments (but before any of the data used here was
collected), it was necessary to estimate absolute forces
instead of directly calculating the absolute forces represented by the data. First, we assumed that the forces at
primary position and the range of forces generated during
each session were the same in the LR and MR. In humans,
some data suggest the MR may exert higher forces than
the LR (7); however, other data support the assumption
(6,8). As of this time, the issue has not been explored in
monkeys, so we will make the assumption that they are the
same. Second, we assumed the force developed in monkey extraocular muscle could be estimated by scaling the
force developed in human extraocular muscle by the ratio
of cross-sectional areas of the two muscles. To this end,
we noted that the monkey fixation force at primary position corresponded to 32.5% of the total range of forces
recorded in the monkey (i.e., the minimum force measurement was considered 0% and the maximum 100%
(12). Then we noted that the human fixation force at primary position in the LR is, on average, about 13.7 gf (29).
Moreover, the ratio of monkey to human cross-sectional
area is about 0.57 (0.0965 cm z monkey [21]; 0.169 cm /
human [15]). Therefore, we assumed 32.5% corresponded
to 7.8 gf and scaled the force data accordingly. The assumptions made in this derivation is supported by three
further observations. First, the force developed by muscles with the same fiber composition scales by crosssectional area (for a given level of innervation). Second,
the maximum active isometric force for monkey and human LR scale approximately the same as cross-sectional
area (55 gf monkey [12]; 100 gf human [6]). Finally, we
noted that the position dependent fixation forces recorded
in our monkey scaled relative to each other just as those
fixation forces recorded in the human extraocular muscle
scaled relative to each other (27).

